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Recent interplay between the enumeration of chemical graphs and the theory of chemical 
reactivity based on stationary points of the potential energy hypersurface is surveyed. The 
numbers of stationary points can be now estimated from physically appropriate enumeration 
studies while the possibility of their classification is given by the existence of procedures based 
on decompositions of nuclear configurational space employing set theory and graph theory. 
These approaches of mathematical chemistry offer a useful complement to theoretical studies in 
the field of chemical reactivity for both thermodynamic and kinetic treatments. Progress is 
illustrated by isomer counting for nonrigid molecules, the graph-like state of matter, and analysis 
of isomerization schemes. 
1. Introduction 
Algebraic methods represent he first theoretical approach yielding useful results 
in the study of chemical isomerism. As the use of these techniques does not 
necessarily require the application of quantum theory, it is not surprising that the 
first serious works date from as early as 1874 (for a survey, see Rouvray (1975)), 
when three pioneering papers were published on the problem of enumerating 
chemical isomers (Cayley (1874), Koerner (1874), van ‘t Hoff (1874)). At present, 
set theory (Ege (1971), Ugi et al. (1972)), group theory (Ruth et al. (1970), Hassel- 
barth and Ruth (1973)), information theory (Bonchev et al. (1981), Barysz et al. 
(1983)) as well as graph theory (Mislow (1977), Knop et al. (1985)) have frequently 
been used for the classification and characterization of various isomers. In spite of 
their abstract character, these algebraic methods allow the rationalization or 
systemization of the relationship between isomers (Brocas (1972), Balaban (1973), 
Nourse and Mislow (1975), Nourse (1977), RandiC (1977), Klein and Cowley (1978), 
RandiC (1979), Lloyd (1979), Nourse (1979), Brocas et al. (1979), RandiC (1980), 
Nourse (1980), King (1981), Kier and Hall (1976), Balaban et al. (1980), Rouvray 
(1973b), Graovac et al. (1977), Bonchev and Trinajstic (1977), Bonchev (1979), 
Mekenyan et al. (1980), Rouvray (1973a), Essam et al. (1977), Klemperer (1972b), 
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Quintas and Yarmish (1981), Balasubramanian (1982), KvasniEka et al. (1983), King 
(1983a), RandiC (1983), McLarnan (1983), RandiC and Davis (1984), King (1984), 
Balasubramanian et al. (1980), Bonchev and Mekenyan (1984), Hass and Plath 
(1985), RandiC (1985), Balaban (1985), Maruani and Serre (1983), King (1983b), 
Trinajstic (1983)). Although, in contrast to quantum-chemical techniques, the 
algebraic approach does not lead to a description of the energetics, nonetheless it 
allows a direct insight into the intrinsic logical structure behind chemical problems 
and, in addition, its use is not limited by the size of the system studied (or at least 
not as strictly as with quantum-chemical methods). 
The present theory of chemical reactivity is entirely based on the concept of a 
potential energy hypersurface (McIver, Jr. and Komornicki (1972), Ermer (1976), 
Murrell(1977), Mezey (1977), Slanina (1981a, 1986b)). The hypersurface, as well as 
the notion of molecular structure, can be considered as a consequence of the 
separation of nuclear and electronic motions (Born and Oppenheimer (1927)). The 
present state of numerical quantum chemistry usually does not give the possibility 
of carrying out a routine evaluation of the whole potential hypersurface. Instead of 
that, hypersurfaces are mostly represented in terms of their stationary points 
(McIver, Jr. and Komornicki (1972), Ermer (1976), Murrell (1977), Mezey (1977), 
Slanina (1981a, 1986b)), i.e., points where the first derivatives of energy with respect 
to the nuclear coordinates equal zero. Isomer enumeration methods (Polya (1935, 
1936, 1937), Redfield (1927), Lunn and Senior (1929), Henze and Blair (1931a, b), 
Rouvray (1974), Balaban and Harary (1976), Rouvray (1977), Davidson (1981), 
McBride (1980), Balasubramanian (1981), Harary et al. (1976), Read (1976), 
Balaban (1976), Robinson et al. (1976), Balasubramanian (1979a), Kerber and 
Lehmann (1977), Dias (1982a,b, 1983, 1984a,b), Ruth and Klein (1983), Hassel- 
barth (1984, 1985a, b)), represent a sophisticated device for the evaluation of a 
possible number of stationary points of a given potential hypersurface. Therefore, 
the enumeration of chemical graphs has recently become a fruitful complement to 
theoretical studies of chemical reactivity. Moreover, enumeration methods have 
been developed along several lines in order to provide a balance between the general 
character of this approach and preservation of a sufficient degree of physical reality. 
2. Enumeration for nonrigid molecules 
As has been pointed out in the classical paper by Longuet-Higgins (1963), the 
point symmetry group corresponding to an idealized perfectly rigid molecular 
structure does not allow a correct description of the symmetry of nonrigid mole- 
cules. In the latter case, the point symmetry group must be extended by the inclusion 
of symmetry elements representing intramolecular motions, e.g., internal rotations. 
Consequently, in employing Polya’s (1935) theorem for the enumeration of isomers 
of nonrigid species, it is necessary to employ (Balasubramanian (1978, 1979a, b, 
1980a, b, 1981), McDaniel (1972), Leonard et al. (1975), Leonard (1977), Flurry, 
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Jr. (1976, 1984)) a symmetry group including both the operations of the corre- 
sponding point group as well as every permutation of identical atomic nuclei which 
may be performed by means of the internal degrees of freedom. A permutation is 
considered as feasible in the sense introduced by Longuet-Higgins (1963) as a 
permutation which may be realized without any transition over an insurmountable 
energy barrier (under the given observation conditions). 
In fact, the approach of an alternative symmetry group had previously been used 
in other connections, namely with stereoisomers. A suitable selection of the 
elements of the permutation group appearing in the enumeration theorem gave the 
possibility of describing some types of stereoisomerism (Read (1976), Balaban 
(1976), Robinson et al. (1976), Balasubramanian (1979a), Quintas and Yarmish 
(1977)), and thus of approaching more closely the real physical conditions within 
the system studied. When considering enantiomers as different isomers, the corre- 
sponding permutations must be excluded in the enumeration, thus a lower order 
permutation group being used. In the same way, e.g., cis- and trans-isomers can be 
enumerated by treating only permutations changing simultaneously the positions of 
all the participating substituents. The approach was applied (Read (1976), Balaban 
(1976), Robinson et al. (1976), Balasubramanian (1979a)) for the expansion of 
the enumeration of structural isomers in order to include some types of stereo- 
isomerism. In fact, already Polya (1937) himself has treated three types of permu- 
tation groups: a group of a spatial formula leading to the number of stereoisomers, 
an extended group of a spatial formula leading to the number of stereoisomers 
minus the number of pairs of optical isomers and, finally, a group of a structural 
formula generating the number of structural isomers. For example, for cyclo- 
propane C,H, the order of the group of spatial formulae is 6, that of the extended 
group of spatial formula is 12, and that of the group of structural formula is 48. 
Polya’s (1935) theorem has been extended (Balasubramanian (1979a)) for the 
enumeration of nonrigid species on the basis of a generalized wreath product 
method (Balasubramanian (1980a, b)). The generalized wreath product group 
represents an extension of the Longuet-Higgins (1963) approach to the symmetry 
groups of nonrigid species. This concept has been applied (Balasubramanian 
(1979b)), e.g., to reactions generated by two-fold and three-fold internal rotations. 
While the use of the conventional point symmetry group leads, e.g., to a total of 
18 isomers for C,H,Br,Cl,, the wreath product method yields only 6 isomers. 
These types of considerations are important for the rationalization and prediction 
(Balasubramanian (1979a, b)) of the number of signals in NMR spectra in both low 
and high temperature regions. 
Another interesting example of enumeration with a nonrigid species is provided 
by the results obtained (Leonard et al. (1975), Leonard (1977)) for cyclohexane. 
The most stable structure of cyclohexane is described by the Dsd point symmetry 
group. The use of the permutation group corresponding to this point group in the 
enumeration theorem leads to a number of isomers that is different (Leonard et al. 
(1975), Leonard (1977)) from experimental results. On the other side, it has been 
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found empirically that the use of Haworth’s projection (planar) formulae leads 
(Leonard et al. (1975), Leonard (1977)) to correct results, although these formulae 
ignore the physical reality of the cyclohexane conformation. Within the use of the 
planar formulae, enumeration is treated in terms of the DGh point symmetry group. 
Leonard et al. (1975) provided a rationalization of these facts. The Dsd point group 
does not include operations describing the nonrigidity of the cyclohexane molecular 
skeleton. It has been demonstrated (Leonard et al. (1975)) that the symmetry of 
cyclohexane can be adequately represented by the introduction of a new symmetry 
element (termed R6), which combines a six-fold rotation with a flip motion of the 
ring interconnecting one chair form with another. The effect of the R, operation is 
to permute all the positions on the same side of the ring. Thus, group Djd is 
replaced by group DjdR6; the latter is obtained by expanding group Djd by the 
operation R,. Group DjdR6 leads to the same cycle index as group Dhhr and hence 
also to the same enumeration results. Clearly enough, the Dhh and DjdR6 groups 
are isomorphic (Flurry, Jr. (1976)). This example shows (Leonard et al. (1975), 
Leonard (1977), Flurry, Jr. (1976)) that the application of symmetry groups of 
nonrigid molecules (Balasubramanian (1979a, b)) should represent a substantial 
contribution towards a closer matching of the results of chemical graphs enume- 
ration with physical reality. 
3. The graph-like state of molecules 
The reduction of a real molecular system to a chemical graph essentially lies in 
the backround of chemical enumeration. During the reduction to chemical graphs, 
only information on chemical bonds (i.e., the fact of their existence) is retained; all 
information concerning particular geometrical arrangement is omitted. Assuming 
that all the bonds are flexible (which is, of course, manifested in the permutation 
group of the graph), we obtain the so called ‘graph-like’ concept of the state of 
molecules. This concept was systematically developed by Gordon et al. (Essam 
et al. (1977), Gordon and Parker (1971), Gordon and Kennedy (1973), Gordon and 
Temple (1972, 1973, 1976), Kajiwara and Gordon (1973), Gordon et al. (1976a, b)). 
This completely flexible state is hypothetical (as it requires more flexibility than the 
real state that a molecule usually possesses), nonetheless, a number of molecules 
have a similar nonrigidity even at moderate temperatures. The best known examples 
are, e.g., HCNO, or ammonia molecules with respect to their inversion motion 
(Berry (1980)). The simplicity of the graph-like state allows a rigorous solution of 
several important problems, especially in statistical mechanics (Gordon and Temple 
(1970, 1973), Gordon (1970)). A number of properties, including entropy evalu- 
ations and kinetic reasoning, particularly with polymers, can be treated in these 
terms, often representing a reduction of the problem to a problem of enumeration. 
Let us present here an example of entropy considerations within the graph-like 
state of molecules. Topological entropy S, is introduced (Gordon and Temple 
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(1970)), connected simply with the order IG / of the symmetry group of the mole- 
cular graph: 
S,= -Rln ICI, (3.1) 
where R denotes the gas constant. Useful rules have been derived for the evaluation 
(Gordon and Temple (1970)) of IG] with graphs of the tree type. However, in the 
transition from the graph-like state to the real molecular state, the internal degen- 
eracy factor g of all the energy states appears, which leads to a contribution S, to 
the metric entropy: 
S,=Rlng. (3.2) 
Finally, the sum of the topological and metric entropy defines the combinatorial 
entropy S,: 
S,=S,+S,. (3.3) 
For some classes of processes, this combinatorial entropy can form a decisive contri- 
bution of the overall entropy term. Clearly enough, the evaluation of the combi- 
natorial entropy does not require more information than the molecular graph and 
the manner of its correspondence to conditions in the real state, i.e., whether, and 
how many bonds in the real state of the molecule allow a complete flexibility, e.g., 
free rotation. Table 1 presents an example of the evaluation of the combinatorial 
entropy for two isomers with eight carbon atoms: n-octane and 2,2,3,3-tetra- 
methylbutane. It is apparent from the data in Table 1 that the contribution of the 
combinatorial entropy to the overall isomerization entropy of both octanes is given 
by the formula: 
dS,=6R ln3=54.8 J/K/mol, (3.4) 
which represents (Gordon and Temple (1970)) about 74% of the standard entropy 
change found experimentally at the room temperature (R being the gas constant 
R = 8.31434 J/K/mol). Let us mention finally that the combinatorial entropy 
concept was also utilized by Gordon (1970) in a deeper discussion of the third law 
of thermodynamics. 
It is supposed that the graph-like state of molecules or matter might in the 
description of polymers play a similar role as the ideal gas notion in thermo- 
dynamics of gases and liquids (Gordon and Parker (1971)). Let us finish this section 
Table 1. An example of the graph-like state approach to the entropy of 
n-octane and 2,2,3, 3-tetramethylbutanea. 
Combinatorial 
characteristic b 
n-octane 2,2,3,3_tetramethylbutane 
28 28 
2932 2938 
s, -Rln(2x32) -Rln(2x3’) 
a According to Gordon and Temple (1970). 
b See text for details. 
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with an interesting example concerning glass transitions of polymers (Gordon et al. 
(1976a)). It has been demonstrated that a limiting case in the statistical theory of 
these transitions leads (Gordon et al. (1976a)) to a famous problem of graph theory. 
Gordon et al. (1976a) discovered a connection between the number of possible 
configurations of the system and the number of Hamiltonian walks on a lattice 
graph. In the connections somewhat less stringent conditions are placed on Hamil- 
tonian walks than usually - their initial and final points need not be identical. In 
the theory of glass transitions of polymers, the value of the limit: 
lim (HN) 1’N = nH (3.5) 
N-cc 
is crucial, where HN denotes the number of Hamiltonian walks on a lattice graph 
with Nvertices. Characteristic (3.5) has been derived (Gordon et al. (1976a)) for a 
number of various lattices. 
4. Enumeration of chemical graphs and potential hypersurface stationary points 
It is well known that the number of possible isomeric structures grows very 
rapidly with the increasing size of system. The determination of the relationship 
between the numbers and types of stationary points and the corresponding results 
from the isomer enumeration is a key question from the point of view of the theory 
of chemical reactivity based on the stationary points. The correspondence is, of 
course, not unambiguous. Every structure considered in the enumeration does not 
necessarily correspond to a stationary point on the hypersurface. On the other hand, 
a single configuration in the enumeration may be represented by more than one 
hypersurface stationary point. A differentiation between the types of structures 
appearing in the enumeration to the minima, transition states, higher types of saddle 
points, or maxima of the potential hypersurface is completely beyond the possi- 
bilities of graphical enumeration itself. In principle, however, the results of 
enumeration yield a very useful procedure for the estimation of the order of the 
number of stationary points on potential energy hypersurfaces (Slanina (1986b)). 
An alternative approach to the problem has recently been developed as the so 
called topological reduction and characterization of potential hypersurfaces. A basis 
for a topological representation of hypersurfaces was formed in the paper of 
Krivoshey (1969), however, a mathematical backround for this procedure originated 
in the early results by Kronrod (1950). Using a suitably introduced topology, a one- 
dimensional object can be assigned to every hypersurface in such a manner that the 
differential geometrical properties of the hypersurface are ignored, but its topo- 
logical properties (number and mutual relationships of stationary points) are 
preserved (Kronrod (1950), Krivoshey (1969, 1976), Zhuravlev et al. (1975), 
Krivosney and Sleta (1976), Shevchenko (1983)). It can be proved (Kronrod (1950), 
Krivoshey (1969), Krivoshey and Sleta (1976)) that, regardless of the hypersurface 
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dimension, the object is always a graph of the tree type. Moreover, the end points 
of the tree correspond to local minima or maxima while branch points represent 
saddle points. 
Another topological approach to potential hypersurface useful for the study of 
stationary points and their relationships, was recently suggested by Mezey (1980, 
1981b). For this purpose, two different schemes of the partitioning of the nuclear 
configuration space R of dimension n into mutually exclusive subspaces have been 
developed. In the first scheme the curvature properties of the hypersurface are used 
leading to a partitioning into coordinate domains 0; characterized by the number 
,U of negative eigenvalues of the Hessian matrix (the matrix of second derivatives) 
constructed in a subspace of dimension n - 1. All the local minima and transition 
states belong to the 05 type domains. Introducing the excluded domain Dexcl as the 
domain where the distance of at least two nuclei attains a zero value and/or where 
are no continuous second derivatives, the first complete partitioning of space R is 
obtained: 
R= IJ D;uD~~~,. (4.1) 
IA i
The other partitioning of R employs the notion of extremity of the steepest descent 
path P, on the hypersurface; the extremity is either a stationary point VP’ or a point 
in the excluded domain Dexcl. Consequently, points re R can be classified ac- 
cording to the point towards which the steepest descent path starting from these 
points is directed. Hence, the concept of the catchment region Crs(‘) of the station- 
ary point rf) is introduced. In these terms the second complete partitioning of R is 
given: 
R = u Cr,(‘) IJ &c’ U Dexc,, (4.2) 
I 
where CDexci denotes the catchment region of Dexcl, and Dexcl represents the closure 
of the excluded domain Dexcl. 
The partitionings of R permit a chemically significant topologization of R and are 
at present used for the topological analysis of key chemical reactivity concepts and 
properties (Mezey (1981c, d, 1982b, c, 1983a, b, 1985a-c)), e.g., the topological 
interpretation of molecular structure and reaction mechanism (Mezey (1983a, b, 
1985a-c)). 
Concluding this section, a recent approach to the evaluation of bounds for the 
number of stationary points in the energy hypersurface should be mentioned. 
Starting with the Morse inequalities (Morse and Cairns (1969), Milnor (1963)) for 
the lower bounds of critical points of functions of many variables, Mezey (1981a, 
1982a) adapted these inequalities for the conditions in potential energy hyper- 
surface. Clearly enough, in contrast to graphical enumeration such approaches give 
the possibility not only of an evaluation of the numbers of stationary points but also 
of their classification into individual types. 
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5. Analysis of isomeric mixtures 
The problem of enumeration and characterization of stationary points in the 
energy hypersurface is closely related to theoretical studies of chemical equilibrium 
and rate processes (Slanina (1986a)), to the elucidation of reaction mechanisms and 
molecular structure, and particularly to the problem how to find a priori all the 
reaction pathways or mechanisms for a given overall reaction (Sinanoglu (1975a, b, 
1981, 1984), Sinanoglu and Lee (1978, 1979), Nemes et al. (1977a-c), Roberts 
(1978), Hass and Plath (1982), Morikawa (1982, 1984a, b), KoCa et al. (1985)). The 
enumeration of rearrangement pathways represents a special case of the set of the 
problems, being, however, studied vigorously (Ruth et al. (1970), Hasselbarth and 
Ruth (1973), Klemperer (1972a-d, 1973a, b)). 
In contemporary quantum chemistry the analysis of isomeric systems has origi- 
nally been approached with somewhat different motivations, nevertheless, an 
overlap with the above topics is gradually increasing (Slanina (1981a, 1984, 1985a, 
1986a, b)). A systematic investigation of quantum-chemical or molecular mechanics 
Fig. 1. 86 isomers from the total of 988 Lennard-Jones clusters of IV= 13 particles (according to Hoare 
(1979)). 
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energy hypersurfaces often reveals (McIver, Jr. and Komornicki (1972), Ermer 
(1976), Murrell(1977), Mezey (1977), NiketiC and Rasmussen (1977), Slanina (1979, 
1981a, 1986b), Osawa and Musso (1982, 1983), Rasmussen (1985)) several different 
local energy minima all represented by one species in an observation and/or several 
different saddle points corresponding to transition states in a single rate process. 
Interplay with graphical enumeration reasoning is a very useful tool for a simplifi- 
cation and rationalization of such computational studies. Potential energy criteria 
can sometimes prove only one structure to play an important role under the given 
observation conditions. However, it can also happen that several different isomeric 
structures of comparable stability coexist, moreover being frequently indistinguish- 
able under given experimental conditions. Then any structure-dependent observable 
parameter can be considered as an average value resulting from contributions of all 
the isomers in question (Slanina (1981a, 1984, 1985a, 1986b)). 
A particularly rich isomerism is observed in the field of weak intermolecular 
interactions (Hoare (1979), Slanina (1979)), i.e., with multi-molecular (or atomic) 
clusters. Both the comparable stability and the dramatic temperature interchanges 
of relative stability can be expected within isomeric cluster sets. An example of an 
ample isomerism can be seen in Fig. 1 based on a simple potential function study 
(Hoare (1979)). 
b 1 ----- 2 
I 
I 
ig 
A 
I 
I 
4 --___ 3 
-4 
Fig. 2. Isomeric water tetramers: pyramid (P), S4 cyclic (Sd), and asymmetric cyclic (A) (according to 
Owicki et al. (1975)). 
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Water oligomers (H20)N represent a very frequently studied cluster system 
having an important role in chemical, physical, as well as biological applications 
(Owicki et al. (1975), Slanina (1981b, 1985b), Quintas (1983)). For example, for the 
water tetramer, (H20)4, three local energy minima were found on its potential 
hypersurface (Owicki et al. (1975)), viz. pyramid, S4 cyclic, and asymmetric cyclic 
structures (Fig. 2). Mutual interplay of isomeric structures can be conveniently 
studied in terms of their weight factors (Slanina (1981a, 1984, 1985a, 1986b)) having 
clear physical meaning of equilibrium mole fractions within the isomeric mixture 
itself. The temperature dependence of the weight factors of the three water 
tetramers (Slanina (1979)) is shown in Table 2. Whereas at the beginning of the 
temperature range the weight factor of the asymmetric cyclic tetramer is least 
important, at the end of the range it becomes the highest of all the three weight 
factors. Clearly enough, to understand isomeric interplay, graphical enumeration 
results have to be combined with energetic (or better, even thermodynamic) 
considerations. 
Entropy changes for both chemical equilibrium and rate processes are quite 
sensitive to cluster isomerism. For example, for the overall activation entropy term, 
dS# to which all the isomers in play contribute according to their weights (Slanina 
(1979)), the following inequality holds within the lowest and highest partial, 
individual activation entropy terms OS& and OS&,, resp.: 
dS~i,<ns”IdS,#,,+Rlnn, (n>l) (5.1) 
Table 2. Temperature (T) dependencea of weights wp, 
WSq, and w.4 of pyramidb, S4 cyclicb, and asymmetric 
cyclicb water tetramers (HsO)d (g). 
T W 
100 
400 
700 
WP Ws4 wA 
0.997 0.003 1 x 10-s 
0.62 0.30 0.08 
0.33 0.27 0.40 
a Data taken from Slanina (1979). 
b See Fig. 2. 
Table 3. Temperature (T) dependence of entropy interplay 
(in J/K/mol) of isomeric transition states in water-dimer 
autoisomerizationsa. 
T (K) A S&x AS# AS’ -AS&, b 
200 - 9.78 - 6.23 3.56 
400 - 14.22 - 8.40 5.82 
600 - 17.18 - 10.58 6.59 
800 - 19.40 - 12.47 6.92 
1000 -21.17 - 14.07 7.09 
a See eq. (5.1) for details; MCY I entropy terms are used 
(Slanina (1981b)). 
b R In 3 = 9.13 J/K/mol. 
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related through number of isomeric structures n to enumeration studies. When, for 
example, water dimer autoisomerizations were studied (Slanina (1981b, 1985b)), 
three different isomeric structures of transition states were found for the rate 
process. The possibility of application of the relation (5.1) in the high temperature 
limit region is illustrated in Table 3. The presence of n different isomers, however, 
equivalent in the Gibbs free energy contents, in an enumeration implies the increase 
of the overall equilibrium or rate constant comparing to the one-isomer value by a 
factor of iz. Incidentally, Burton (1972) examplified an increase of the equilibrium 
concentration of a 49 atom cluster at a temperature of 60 K due to configurational 
effects by 500 to 3000. 
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